We show that a form for the second partial derivative of 1/r proposed by Frahm 1 and subsequently used by other workers applies only when averaged over smooth functions. We use dyadic notation to derive a more general form without that restriction.
is proposed for the second partial derivative of 1/r. This result has subsequently been used in more recent papers [2] [3] [4] [5] . The purpose of this comment is to show that the derivation of Eq.
(1) in Ref. 1 is flawed, and to present a direct derivation of this second partial derivative.
While Ref. 1 uses two indirect methods to deduce Eq. (1), we employ dyadic notation 6 to take the partial derivatives directly.
In dyadic notation, the left-hand side of Eq.
(1) can be operated on as
= − ∇r r 3 − r∇
whereÎ is the unit dyadic.
To evaluate the term ∇(1/r 3 ), we start with the well known identity
The left-hand side of Eq. We can express the left-hand side of Eq. (3) as
which isolates the term ∇(1/r 3 ). Since the function (1/r 3 ) depends only on r, its gradient must be in ther direction. Thus we can write
where the scalar function g(r) is give by
We combine Eq. (6) with Eqs. (3) and (4) to find
and then
Substituting Eq. (8) into Eq. (2c), we obtain
In the Cartesian tensor notation of Ref. 1, Eq. (9) would be written as
which differs from Eq. (1) in the delta function term.
Objections have been raised about the relevance of x i /r multiplying a delta function, 2 because x i /r is not well defined in the limit r → 0. However the same objection could be raised against the delta function itself, which is also undefined at the origin. As with the delta function, factors of x i /r give a definite result when used in a volume integral, even when multiplied by a delta function. Also, our Eq. (8) shows that the gradient of 1/r 3 could not be written withoutr (with Cartesian component x i /r) multiplying the delta function.
The ratio x i /r is used in several places in Ref. 
for the integral over the surface of a sphere of infinitesimal radius R. In dyadic notation, this identity is
Reference 1 then uses Eq. (11) to show that its form for the delta function term gives a correct integral when multiplied by "an arbitrary smooth function" and integrated over a sphere with infinitesimal radius. This derivation works because a function that is smooth at the origin has a Taylor expansion which has no angular dependence in the limit of vanishing radius, and because Eq. (11) 
Even though it is incorrect, the use of Eq. (1) in most physics applications leads to the correct result, since functions used in physics are usually smooth at the origin. For instance, most electromagnetism textbooks derive the singular part of the electric field of an electric dipole p by applying the divergence theorem, and effectively averaging E over all solid angle.
In this case, either equation (1) or (9) gives the same result (−4πp/3)δ(r) for the singular part of E. However, writing
is inconsistent mathematically, because the delta function term is averaged over solid angle, while the first term is not. The use of Eq. (9) leads to the mathematically consistent
The magnetic field of a magnetic dipole µ also involves the gradient of 1/r 3 as can be seen by writing
For the last step we have used Eq. (3) for the divergence of r/r 3 , and Eq. (8) for the gradient of 1/r 3 . We see that the field of a magnetic dipole is like that of an electric dipole, but has an additional singular term 4πµδ(r). The singular part of Eq. (17d), averaged over all solid angle, is given by (+8πµ/3)δ(r), which is the form given in most textbooks for the singular part of the magnetic field of a magnetic dipole.
In summary, we have shown that the second partial derivative of 1/r can be found by direct differentiation using dyadic notation. 2 Jeffrey M. Bowen, "Delta function terms arising from classical point-source fields,"Am. J. Phys.
62, 511-515 (1994).
3 Ricardo Estrada and Ram P. Kanwal, "The appearance of nonclassical terms in the analysis of point-source fields," Am. J. Phys. 63, 278 (1995) . 
